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We calculate the radiation noise level associated with the spontaneous emission of a coherently
driven medium. The significant field-induced modification of relation between the noise power and
damping constant in a thermal reservoir is obtained. The nonlinear noise exchange between different
atomic frequencies leads to violation of standard relations dictated by the fluctuation-dissipation
theorem.
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Introduction – Investigation of fluctuations in open
systems (both quantum and classical) is important in
many different areas of physics being the subject of in-
cessant general physical interest [1–5]. One of the major
results in this field is the Fluctuation-Dissipation Theo-
rem (FDT) [6]. The use of the universal relation between
relaxation and fluctuation properties of the medium im-
posed by FDT turned out to be highly fruitful in the the-
ory of radiation-matter interaction [7]. But in its ”stan-
dard” variant the FDT is not applicable for nonlinear
processes that are of great interest. The theory devel-
oped in [8] for calculation of polarisation fluctuations in
the presence of coherent drive at the combinational fre-
quency seems to be not applicable for the case of res-
onant interaction with the medium since it is based on
the methods of perturbation theory. Meanwhile one of
the most interesting applications of the theory of fluctu-
ations is connected specifically with the resonant control
of quantum medium. A number of attractive effects of
quantum optics, based on preparation and manipulation
of nonclassical states of light with the extremely low dis-
persion of some physical quantities (squeezed, entangled
and so on) [9] are related to these processes. The detailed
analysis of Langevin sources influence on the preparation
of nonclassical states of light in different nonlinear res-
onance regimes have been carried out in a wide range
of papers [10–16]. But in most of papers the considera-
tion was restricted to the case of zero temperature. So
only the principal possibility of suppression of intrinsic
quantum fluctuations in dissipative media was investi-
gated. The additional noise having a thermal nature as-
sociated with the processes of spontaneous emission in
the environment is a major factor that destroys the ideal
quantum state of light. The possibility of suppression
(squeezing) of ”thermal” fluctuations due to the same
mechanisms of nonlinear interactions was considered in
the paper [17], but the authors used a simplified method
estimating the noise source as for non-interacting oscil-
lators.
In this Letter we develop the general method for calcu-
lation of correlation characteristics of the noise Langevin
sources for a quantum field in a coherently driven reso-
nant dissipative atomic medium being in contact with a
thermal reservoir. The developed theory combines for-
mulation of universal relations (similar to FDT) with pe-
culiarities of specific systems. We apply this method to
consider the Λ−scheme of Electromagnetically Induced
Transparency (EIT) which is the basis for many mecha-
nisms of nonclassical light manipulation (see, for exam-
ple [11–15, 18, 19]). We theoretically predict the effect of
drastic field induced modification of thermal noise source
for quantum radiation.
Formalism – We consider the interaction of a signal
photon field with an atomic medium. The atoms have en-
ergy levels Wm (corresponding energy states |m〉). They
can be driven by any classical coherent field. The atomic
system is open being under the influence of the dissipative
reservoir. The atoms-quantum field system is described
by the set of coupled Heisenberg-Langevin equations. Us-
ing continuous medium approximation we describe the
ensemble of atoms with collective coordinate-dependent
density operators [13, 15, 20] defined as
ρˆmn (r, t) =
1
∆Vr
∑
j
ρˆj;mn(t), (1)
where index j numerates the atoms within the small vol-
ume ∆Vr in the vicinity of point with radius-vector r,
ρˆj;mn = |n〉j 〈m|j is the Heisenberg projection operator
acting on variables of atom with index j. Within the
Heisenberg-Langevin approach the operator ρˆmn obeys
the equation [20]:
˙ˆρmn = − i}
(
hˆmpρˆpn − ρˆmphˆpn
)
+ Rˆmn + Fˆmn, (2)
where hˆmn = Wmδmn−dmnEˆ (r, t) is the matrix element
of the Hamiltonian operator taking into account interac-
tion of atoms with the electric field Eˆ (r, t) in the dipole
approximation, Rˆmn is the relaxation operator, and Fˆmn
is the Langevin noise operator satisfying
〈
Fˆmn
〉
= 0,
where averaging is taken over the reservoir variables.
The electric field operator Eˆ (r, t) obeys the equation
(see for example [8, 20, 21]):
∂2
∂t2
Eˆ+ c2∇×∇× Eˆ = −4pi ∂
2
∂t2
Pˆ, (3)
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2where the operator of electric polarization is expressed
via the density operators as Pˆ (r, t) =
∑
m,n dnmρˆmn,
which in turn are the solution of the Eq. (2).
For a wide range of regimes of interaction between
quantum radiation and dense atomic medium the lin-
ear approximation is applicable, whereas the nonlinear
response, as well as Langevin effects can be taken into
account as small additional terms to the linear relation
[18, 20]:
Pˆ (r, t) =
∫ ∞
0
(
χH(τ) + χaH(τ)
)
Eˆ (r, t− τ) dτ
+δPˆNL + δPˆL. (4)
The functions χH(ω) =
∫∞
0
χH(τ)eiωτdτ , χaH(ω) =∫∞
0
χaH(τ)eiωτdτ presents the Hermitian and anti-
Hermitian components of the susceptibility of a medium.
The Fluctuation-Dissipation Theorem (FDT) in its
standard form [7, 8] defines the relation between the spec-
tral density of fluctuations of polarisation in the medium
with anti-hermitian component of the medium’s suscep-
tibility:
1
2
〈
δPˆ†L (r, ω) δPˆL (r
′, ω′) + δPˆL (r′, ω′) δPˆ
†
L (r, ω)
〉
=
−i~
pi
χaH(ω)
(
nT (ω) +
1
2
)
δ (ω − ω′) δ (r− r′) ,
(5)
where nT (ω) =
(
e~ω/T − 1)−1 is the averaged number
of ”thermal” photons at frequency ω. This relation is
true for the unperturbed stationary medium which is in
thermal equilibrium with the reservoir at temperature
T with the additional assumption of delta-correlation in
space.
The question arises: can the FDT relation Eqs. (5) be
used for the coherently driven medium? We show that
it is not sufficient just to take into account the drive-
induced modification of dissipation properties at the op-
erating frequency (drive intensity dependence χaH(Id))
and drive-induced pumping (effective change of the
medium temperature). The modification of Eq. (5) may
be much more significant even for the case of relatively
weak driving, much less than the saturation level. And
the EIT system represents a shining example of that.
To obtain the correlation functions for the noise po-
larization δPˆL, we start with the analysis of correla-
tion properties of Langevin operators in atomic equations
Eq. (2) Fˆmn (”noise forces”). Then calculating the noise
response in a medium we finally get the noise polarisation
that is the Langevin source for the quantum field. Note
that we ignore the influence of any other, independent of
atomic system, reservoir on the quantum field, suppos-
ing that in any case it can be considered additively and
it does not depend on the drive action.
Correlations of atomic Langevin operators – The im-
portant point is that the properties of Langevin noise op-
erators Fˆmn in Eq. (2) are connected with the properties
of relaxation operators Rˆmn [22]. The standard model
for the relaxation operators corresponds to the so-called
Bloch-Redfield equations [22], where
Rˆmn =
∑
pq
rmnpqρˆpq. (6)
In a simplest form the nonzero coefficients rmnpq set the
rates of transverse and longitudinal relaxation:
Rˆmn = −γmnρˆmn,m 6= n,
Rˆmm =
∑
n
wmnρˆnn, wmm = −
∑
m6=n
wnm. (7)
The model of constant relaxation rates is in definite sense
equivalent to the condition of δ-correlated in time noise
source. It is the result of the Markov approximation [22].
So that we can use the expression:〈
Fˆmn(r, t)Fˆpq(r
′, t′)
〉
= 2Dmnpq (r, r
′, t) δ (t− t′) . (8)
This approximation allows one to use so-called general-
ized Einstein relations [9, 23] for calculating the diffusion
coefficients Dmnpq (r, r
′, t):
2Dmnpg (r, r
′) =
d
dt
〈ρˆmn(r, t)ρˆpq(r′, t)〉 −
−
〈(
d
dt
ρˆmn(r, t)− Fˆmn(r, t)
)
ρˆpq(r
′, t)
〉
−
−
〈
ρˆmn(r, t)
(
d
dt
ρˆpq(r
′, t)− Fˆpq(r′, t)
)〉
. (9)
Next, we assume that the action of reservoir on differ-
ent atoms is independent, so that fluctuations of density
matrix operators for different atoms are not correlated
〈(ρˆmn;j − 〈ρˆmn;j〉) (ρˆpq;i − 〈ρˆpq;i〉)〉 ∝ δij . Taking into
account also the strict equality, that should be fulfilled
for each atom by definition of density matrix operators:
ρˆmn;j ρˆpq;j = ρˆpn;jδmq, we get for the averaged product of
space-dependent density matrix operators the following
relation:
〈ρˆmn(r)ρˆpq(r′)〉 =
〈ρˆmn(r)〉 〈ρˆpq(r′)〉+ δmq 〈ρˆpn(r)〉 δ(r− r′). (10)
The expression for the diffusion coefficients Eq. (9) with
regard to Eqs. (10),(2),(6) finally takes δ-correlated in
space form:
Dmnpq(r, r
′, t) = Dmnpq(r, t)δ(r− r′), (11)
where
2Dmnpq(r, t) =
δmq
〈
Rˆpn
〉
−
∑
l
rmnql 〈ρˆpl〉 −
∑
k
rpqkm 〈ρˆkn〉 . (12)
In particular, the correlation functions of the Langevin
sources for the ”off-diagonal” operators (m 6= n,p 6= q)
3taking into account Eq. (7) are given by a simple expres-
sion:
2Dmnpq(r, t) = δmq
(
(γmn + γpq) 〈ρˆpn〉+
〈
Rˆpn
〉)
.
(13)
With the final aim to calculate the noise polariza-
tion δPˆL as the noise source for the quantum radiation
Eq. (4) we use the approximation when the atomic re-
sponse at the Langevin force can be found neglecting
quantum field action. At the same time the atomic sys-
tem is assumed to be driven by a classical external field
Ed = edEdexp(−iωdt + ikdr) + c.c., that excites off-
diagonal density matrix operators and modify diagonal
ones. So that the properties of atomic Langevin opera-
tors, defined by expression Eq. (13), depend on the drive
wave. (This dependence can be more complicated if we
take into account the field induced modification of relax-
ation parameters [24, 25]. However we neglect this effect
here.) Thus, the autocorrelation function for Langevin
operator at some transition m − n is modified due to
field-induced redistribution of populations:
2Dmnnm(r, t) = 2γmn 〈ρˆnn〉+
〈
Rˆnn
〉
. (14)
Besides, the excited coherence at some transition a − b
generates the non-zero correlations of Langevin sources
at adjacent atomic transitions:
2Dmabm(r, t) = (γam + γbm − γab) 〈ρˆba〉 . (15)
It is useful to derive the expression for the spec-
tral components of the Langevin operators Fˆmn (r, t) =∫ +∞
−∞ Fˆmn (r, ω) e
−iωtdω. Under the approximation of
constant populations and amplitude of drive-induced
coherence in resonant approximation 〈ρˆnn〉 = const,
〈ρˆba〉 = σbae∓iωdt
∣∣
b≷a, σba = const, we get from Eq. (14)
and Eq. (15): 〈
Fˆmn(r, ω)Fˆnm(r
′, ω′)
〉
=
1
2pi
(
2γmn 〈ρˆnn〉+
〈
Rˆnn
〉)
δ(ω + ω′)δ(r− r′)
(16)〈
Fˆma(r, ω)Fˆbm(r
′, ω′)
〉
=
1
2pi
(γam + γbm − γab)×
σbaδ(ω + ω
′ ∓ ωd)|b≷a δ(r− r′).
(17)
Noise polarization in the EIT scheme – Apply the
obtained relations Eq. (16),(17) to the calculation of
the noise source for quantum radiation, interacting with
three-level atoms under EIT conditions (see Fig. 1).
We should solve equations for density matrix operators
Eq. (2) in the presence of drive and probe fields Eˆ =(
edEde
ikdr−iωdt + c.c.
)
+
(
epEˆp (r, t) e
ikpr−iωpt +H.c.
)
and Langevin forces Fˆmn. The frequency of drive wave
Drive 
wave 
Quantum 
probe 
radiation 
1
2
3
FIG. 1. Λ-scheme of EIT.
is close (for simplicity equal) to the frequency of transi-
tion |2〉 − |3〉: ωd = ω32. The quantum radiation spec-
trum is assumed to be narrow in scale of atomic fre-
quencies with the center at ωp = ω31 + ∆p. We ap-
ply the RWA approximation and operate with slow vari-
ables: ρˆ32,31,21 = σˆ32,31,21e
−iωd,p,lt+ikd,p,lr, Fˆ32,31,21 =
fˆ32,31,21e
−iωd,p,lt+ikd,p,lr, where ωl = ωp − ωd, kl =
kp−kd. The spectral component of polarization at probe
wave frequency band is expressed via spectral component
of coherence at transition |3〉−|1〉: Pˆω = dˆ13σˆ31,ν=ω−ωp .
The atomic response to the action of quantum radiation
and noise force in linear approximation can be consid-
ered additively: σˆ31,ν = σˆ
qr
31,ν + σˆ
f
31,ν . The correspond-
ing solution depends on averaged values 〈ρˆii〉 = ρii and
〈σˆ32〉 = σ32, that can be found as stationary solutions of
corresponding equations, in particular σ32 = iΩdn23/γ32,
where n23 = ρ22 − ρ33, Ωd = d32edEd/~. As a result we
get the following solution of Eq. (2):
σˆqr31,ν = iΩˆp
n13 (γ21 − i(∆p + ν))− n23 |Ωd|2 /γ32
|Ωd|2 + (γ21 − i(∆p + ν)) (γ31 − i(∆p + ν))
(18)
σˆf31,ν =
(γ21 − i (∆p + ν)) fˆ31,ν + iΩdfˆ21,ν
|Ωd|2 + (γ21 − i(∆p + ν)) (γ31 − i(∆p + ν))
.
(19)
From the first of this expressions Eq. (18) one gets the
dielectric susceptibility at frequency ω ≈ ωp of coherently
driven medium with its anti-Hermitian part:
χaH(ω,Ωd) =
i |d31|2
~
n13
(
γ21 |Ωd|2 + γ31
(
γ221 + ∆
2
))− |Ωd|2n23γ32 (|Ωd|2 + γ32γ31 −∆2)(
|Ωd|2 + γ21γ31 −∆2
)2
+ ∆2 (γ21 + γ31)
2
, (20)
4here ∆ = ω − ω31. From the second equation Eq. (19)
with the use of Eqs. (16),(17) we calculate the magnitude
of the correlation function for noise polarisation at probe
frequency. The expression Eq. (19) shows that under the
condition of clear-cut EIT, that is
γ231  |Ωd|2  γ21γ31, (21)
the intensity of noise source for the radiation at fre-
quency ωp will depend not only and not so much on
the ”noise force” at the resonant transition |3〉 − |1〉 but
on the parametrically transferred ”noise force” acting
at the adjacent low frequency transition |2〉 − |1〉 and
correlations between these forces. Taking into account
〈R22〉 = −〈R33〉 = 2Im(Ω∗dσ32), 〈R11〉 = 0 we finally
get:〈
δPˆL (r
′, ω′) δPˆ†L (r, ω)− δPˆ†L (r, ω) δPˆL (r′, ω′)
〉
=
−i~
pi
χaH (ω,Ωd) δ (ω − ω′) δ (r− r′)
(22)
1
2
〈
δPˆ†L (r, ω) δPˆL (r
′, ω′) + δPˆL (r′, ω′) δPˆ
†
L (r, ω)
〉
=
−i~
pi
χaH(ω,Ωd)
(
S (ω) +
1
2
)
δ (ω − ω′) δ (r− r′) ,
(23)
where χaH(ω,Ωd) is defined by Eq. (20). And the first
relation Eq. (22) demonstrates the correctness of calcula-
tions, since it gives the right commutator, that can be ob-
tained for the radiation with narrow spectrum just from
the requirement of preserving commutation relation for
the field operators obeying equations with dissipation.
The second relation Eq. (23) is written in the form anal-
ogous to FDT Eq. (5), but now the drive-induced modifi-
cation of dissipation parameter χaH is taken into account,
and instead of averaged number of ”thermal” photons at
frequency ω the parameter S appears, that is defined by
the expression:
S =
ρ33
(
γ21 |Ωd|2 + γ31
(
γ221 + ∆
2
))
+ |Ωd|
2n23
γ32
(
|Ωd|2 + γ32γ31 −∆2
)
n13
(
γ21 |Ωd|2 + γ31 (γ221 + ∆2)
)
− |Ωd|2n23γ32
(
|Ωd|2 + γ32γ31 −∆2
) . (24)
It is evident from Eq. (24) that the contribution of S to
the spectral density of fluctuations of polarization is not
zero due to the presence of nonzero excitations in the
atomic system. It is the noise source related to sponta-
neous emission processes. It finally defines the spectral
density of energy of noise radiation in a medium. It is im-
portant that the factor S depends explicitly on drive-field
intensity. For Ωd = 0 one gets S = ρ11/n31 that is equal
to nT (ω31) for the medium in thermal equilibrium with
reservoir. To express the quantity S over the temperature
for arbitrary drive intensity it is necessary to calculate the
redistribution of atoms over levels induced by the drive
wave. To this end we should specify the relaxation oper-
ators Rˆjj . Using a simple form Eq. (7) we express Rˆjj in
term of equilibrium (in the absence of drive) population
distribution rTj = ρ
T
jj/ρ
T
11 = exp (−~ωj1/T ) and longitu-
dinal relaxation times, defined for transitions |i〉 − |j〉 as
Tij = (Aij(nT (ωij) + 1))
−1
, where Aij are the Einstein
coefficients. Finally we get the following expressions for
the stationary populations:
ρjj
ρ11
=
rTj
(
1
T21T31
+ 1T21T31 +
1
T31T32
rT3
rT2
)
+ 2|Ωd|
2
γ32
(
rT2
T21
+
rT3
T31
)
(
1
T21T31
+ 1T21T31 +
1
T31T32
rT3
rT2
)
+ 2|Ωd|
2
γ32
(
1
T21
+ 1T31
) , j = 2, 3 (25)
Using the simplest relation between transverse and longi-
tudinal relaxation rates, corresponding to the radiation
limit, we can state that the condition γ21 << γ31, fol-
lowing from Eq. (21), can be realized if T21  T31, T32;
rT3  1; rT3  rT2 , at the same time the level |2〉 can
be well populated rT2 . 1, that is possible if ω21  ω31.
Nevertheless the level |2〉 is devastated ρ22  ρT22 due to
an action of a sufficiently strong drive wave and fast re-
laxation from the upper level. Otherwise the EIT regime
would easily transform from ”transparency” regime to
”instability” (so-called Amplification Without Inversion
(AWI) [26]) just due to populating of level |2〉. It is shown
that AWI is achieved for narrow range of dissipative pa-
rameters [27]. We propose simple condition T31 ≈ T32,
under which the AWI is impossible. Then for the strict
resonance ∆ = 0 and Eq.(21) we get the following ex-
5pression:
S =
2rT2 +
T21
T31
rT3
1− rT2 + T21T31
rT3
rT2
=
2A21nT (ω21) +A31nT (ω31)
A21 +A31nT (ω32)
.
(26)
Under the same conditions for χaHEIT we get:
χaHEIT =
i |d31|2
~
1− rT2 + T21T31
rT3
rT2
2T21 |Ωd|2
. (27)
The remarkable point is that due to the process of drive
induced parametrical transformation of noise the param-
eter S is defined by the number of thermal photons at
low frequency ω21. In the absence of thermal photons at
high frequency (T  ~ω31) (but finite spontaneous emis-
sion rate at low frequency transition A21 6= 0) we get a
simple relation:
S = 2nT (ω21) . (28)
It is noteworthy that the parameter S, that defines the
number of spontaneously emitted photons at high probe
frequency in driven medium, can be much larger than
unity. For physical parameters typical, for example,
for Rb vapour widely used in experiments the formula
Eq. (28) can be applied for estimation of noise polar-
ization level at probe frequencies (λ = 794nm) even for
home temperature. In accordance with this formula the
thermal noise, defined by the number of thermal photons
at splitting frequency ω21 = 2pi× 6.83GHz, becomes sig-
nificant at temperature T ∼ 1K.
It follows from Eq. (26) that under ideal condition of
zero spontaneous relaxation rate A21 = 0 the averaged
number of noise photons will be defined by the parameter
S = exp(−~ω21/T ), (29)
that is less than unity but much higher than the same
factor for a number of spontaneously emitted photons in
the absence of drive exp(−~ω21/T ) >> exp(−~ω31/T ).
Eq. (29) should be used also for the limit of zero splitting
frequency ω21 → 0, since at that A21 → 0, nT (ω21)→∞,
but A21nT (ω21) → 0, so that we get S(ω21 → 0) → 1.
But beyond the radiation approximation the presented
approach requires an adjustment for being valid at the
limit ω21 → 0. The problem is that the relaxation model
Eq. (7) should be modified if so called secular approxi-
mation is violated [28], that will induce modification of
the correlation functions for the noise operators.
In summary, we have revealed the effect of signifi-
cant field-induced modification of the quantum radiation
noise in a thermal reservoir. For the three-level scheme
with resonant driving and long-lived low-frequency co-
herence the obtained relation predicts that in the EIT
medium the thermal noise level for the radiation in sta-
tionary regime can be significantly higher than in the lin-
ear regime without driving, since it is determined by an
averaged number of thermal photons at low frequency.
But it is necessary to keep in mind that the time (or
depth) of establishing this noise solution being deter-
mined by the reduced (EIT) decrement is much longer
than it is in a linear media.
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